In this paper, we introduce two new kinds of structures on a non-compact surface : broken hyperbolic structures and broken measured foliations. The space of broken hyperbolic structures contains the Teichmfiller space of the surface as a subspace. The space of broken measured foliations is naturally identified with the space of affine foliations of the surface. We decribe a topology on the union of the space of broken hyperbolic structures and of the space of broken measured foliations which generalizes Thurston's compactification of Teichmfiller space.
INTRODUCTION
In this paper, S is a non-compact oriented surface of negative Euler characteristic which is obtained from an oriented closed surface S' by deleting some nonempty finite set P of points which are henceforth called the punctures.
In the paper [2] , we studied a space of hyperbolic structures on certain covers of S. We called these structures covering hyperbolic structures, and we related that space to the space 7~45 c of projective equivalence classes of affine foliations on S. Using ideas which arise in Thurston's theory of the compactification of Teichmiiller space, we described the space PAY as a boundary to the space of covering hyperbolic structures. The goal of that work was to realize 7~AF as the boundary of some space of geometric structures which would contain Teichmtiller space as a proper subspace.
In this paper, we take a different point of view for seeing 7~AF as a boundary space. Instead of considering covering hyperbolic structures, we introduce new structures which we call broken hyperbolic structures. These are hyperbolic structures on the complement of a triangulation of S, such that along each edge of the triangulation, the metrics on the two sides are related by a homothety (and not by an isometry, as for usual hyperbolic structures). We then describe the space of projective equivalence classes of affine foliations as a boundary to the space of broken hyperbolic structures.
An intermediate step consists in introducing broken rneasuredfoliations on S, and there is a natural identification between the space of broken measured foliations and the space of transversely affine foliations on S.
The broken hyperbolic structures introduced here and the results that we prove in this paper are used in the paper [6] in which a 2-form is defined on the space of broken hyperbolic structures, which extends the Weil-Petersson symplectic structure on Teichmfiller space. Likewise, a 2-form is defined on the space of broken measured foliations which extends Thurston's piecewise-linear symplectic form on the space of measured foliations.
We note that we see no other way than passing through broken measured foliations in order to extend Thurston's symplectic form from measured foliations space to the space of affine foliations. Thus, dealing with broken measured foliations is not just making a new definition which is equivalent to an old one, but introducing a new tool. The 2-forms that we define on the spaces of broken measured foliations and of broken hyperbolic structures are then related to each other in the paper [6] in the same way as the Weil-Petersson form was related to Thurston's form in the paper [5] . Thus, with the natural identification that we mentioned between the space of broken measured foliations and the space of affine foliations on the surface, the 2-form on the space of broken measured foliations provides a natural 2-form on the space of affine foliations, which restricts to Thurston's symplectic form on the subspace consisting of measured foliations. One of the advantages of broken hyperbolic structures (respectively of broken measured foliations) with respect to the covering hyperbolic structures (respectively the transversely affine foliations) is that they are defined directly on the surface, with no reference to the fundamental group or to the abelian universal cover of that surface.
We believe that independently of the relation with transversely affine foliations, the notion of broken hyperbolic metrics that is introduced here has its own interest, and the consideration of such discontinuous metrics on a surface leads naturally to interesting new problems. We mention for instance the study of the conformal geometry underlying such a broken metric. Furthermore, beyond the hyperbolic structures that are glued by affine maps, it is possible to glue metrics on surfaces with boundaries, equipped with hyperbolic metrics with geodesic boundary (respectively with foliations transverse to the boundary and equipped with various kinds of transverse structures), by different kinds of geometric maps. For instance, we can glue along their boundaries surfaces equipped with measured foliations transverse to the boundary by using projective maps, and in this way we obtain transversely projective foliations. However, building a theory of transversely projective foliations (that is, classifying them, finding geometrically defined parameters, and so on) seems to be a more difficult problem than the corresponding problems in the cases of transversely affine or of measured foliations ( [3] ). Of course, higher dimensional analogs of these theories are also worth studying.
IDEAL TRIANGULATIONS
An ideal triangulation of S is a collection of disjoint simple arcs (called the edges of the triangulation) which are properly embedded in S (that is, regarded in the closed surface S ~, each arc has its endpoints in the set of punctures P), such that each connected component of S cut along the edges is a simply connected region bounded by three of these edges.
Let A be an ideal triangulation of S and suppose that each of its edges is equipped with a transverse orientation and with a positive real number (called the weight of that edge). Such an ideal triangulation A is then called a transversely oriented weighted ideal triangulation. We suppose furthermore that these data satisfy the following condition :
(*) For each puncture of S, let C be an arbitrary oriented simple closed curve which is contained in a small annular neighborhood of the puncture, which is transverse to A, and which is homotopic to the puncture. Let pl,... ,P~ be the sequence of intersection points of C with A. For every i = 1,... k, let w~ be the weight (respectively the reciprocal of the weight) of the edge of X containing the point Pi, if at p~ the orientation of C agrees (respectively disagrees) with the transverse orientation of that edge. The condition is then
Clearly, this condition is independent of the choice of the curve C that satisfies the required properties.
A transversely oriented weighted ideal triangulation satisfying condition (*) is said to be trivial around the vertices.
A transversely oriented weighted ideal triangulation A defines a homomorphism 6 from 7rl (S) to the multiplicative group R+, in the usual way • For each g c 71"1(S), consider an oriented loop 7 representing g and intersecting transversely the edges of A. Let Pl,...,Pn be the intersection points of 3' with these edges. Without loss of generality, we can assume that there exists at least one such intersection point. As before, for each i = 1,... n, let wi be the weight (respectively the reciprocal of the weight) of the edge of A containing Pi, if the orientation of 7 agrees (respectively disagrees) with the transverse orientation n W of A at that point. We then set ~(g) = 1-[i=i i. It is easy to see that this value is independent of the choice of the curve 7 representing g, and that this defines a homomorphism ~b : 7rl (S) ~ 0~+.
By the canonical isomorphism gom(Trl(S), ~+) ~-Hi(S; N), A defines an element ofH 1 (S; N), and the condition on A of being trivial around the vertices corresponds to the fact that it defines an element of the relative cohomology group H 1 (S, P; R) where S is regarded as a surface with boundary, with the set P representing the boundary of S. We note by the way that for any transversely oriented ideal triangulation ), equipped with a transverse orientation on its edges, every element of H 1 (S; R) can be represented by some system of weights on the edges of A. We also note that this representation is not unique. In other words, the map from the set of weights on the edges of the oriented ideal triangulation A to the space H 1 (S; R) is not injective. To see this, consider a face of the triangulation. Depending on the orientations, one of the edges (say el) is homologous to the union of the two other edges (say e2 and e3), as in Figure 1 . Now consider A equipped with its weights. For any positive number x, we can multiply the weight on el by the factor x and divide the weights on e2 and e3 by that same factor, without changing the cohornology class of the weighted oriented triangulation. Another way to see the non-injectivity would be to note that the number of edges of the triangulation is strictly greater than the dimension of the cohomology vector space H 1 (S; R). e 2 Figure 1 . el is homologous to the union of e2 and e3
BROKEN HYPERBOLIC STRUCTURES AND THEIR HOROCYCLIC FOLIATIONS
In the rest of this paper, A is a transversely oriented weighted ideal triangulation on S which is trivial around the vertices. We shall also use the identification of A with the set of edges of this triangulation, so that when we talk about the "connected components of S -A", we mean the set of interiors of the faces of A.
Definition 3.1. (Broken hyperbolic structures). A broken hyperbolic structure on S (relative to A) is a Riemannian metric of constant curvature -1 on S -A, such that each connected component of S -A is isometric to the interior of a hyperbolic ideal triangle by an isometry which respects the triangle structure of the component. (We recall that a hyperbolic ideal triangle is the convex hull, in the hyperbolic plane H 2, of three distinct points in the boundary of that space.) We require furthermore that the following two conditions be satisfied :
(3.1.1) Let (Ti) be the collection of completions of connected components of S -A. Thus, each Ti is isometric to an ideal triangle. The surface S can be obtained by taking the disjoint union of the ideal triangles in this collection, and gluing their edges pairwise. Then the condition is that each gluing map between two edges which map to the same edge g of A is a homothety whose factor is equal to the weight w(g) of g, and where the direction in which this homothety acts is such that the distance structure on g induced from the metric on the triangle which is after the edge is equal to w(g) x the distance structure on g induced from the metric on the triangle which is before that edge (the terms "before" and "after" referring to the transverse orientation of g).
(3.1.
2) The broken hyperbolic structure is complete in the sense which we define here, but before doing so, we need to introduce the horocyclicfoliation associated to a broken hyperbolic structure. This will be a partial foliation on S, that is, a foliation whose support is a subsurface of S. Consider an ideal triangle in H 2. (Since all the ideal triangles are isometric, we can reason, in what follows, on a particular ideal triangle.) There is a partial foliation of this triangle, whose leaves are pieces of horocycles whose endpoints are on the edges of the triangle, making at these points right angles with the edges, and such that the non-foliated region is a central triangle which is bounded by three of these leaves which pairwise meet tangentially at their endpoints ( Figure 2 ). We call this foliation the horocyclicfoliation of the ideal triangle. This notion is first used in [7] . The horocyclic foliations of the ideal triangles which form the connected components of S -A glue together naturally and define a partial foliation on S which we call the horocyclicfoliation of the broken hyperbolic structure. Now the broken hyperbolic structure is said to be complete if in the neighborhood of each puncture of S, its horocyclic foliation is trivial. In other words, there is an neighborhood of each puncture which is a cylinder on which the leaves of the foliation induced by the horocyclic foliation are circles which are homotopic to the puncture.
k. Let us note that in the case where the broken hyperbolic structure on S is a hyperbolic structure (or, in other words, if all the weights w(g) associated to the edges of ~ are equal to 1), then the completeness of a broken hyperbolic structure boils down to the completeness of a hyperbolic structure in the usual sense. In this case, the neighborhood of each puncture is a "cusp", that is, a surface isometric to the quotient of the region in the upper half space model of H z which is above the line y = 1 by a transformation of the form z~z + c.
Equivalence relation.
There is an equivalence relation on the set of broken hyperbolic structures relative to )~. Two such structures are equivalent if they differ by an isotopy which fixes setwise the vertices and the edges of ),. (4.1.1) Each puncture of S has a neighborhood which is an annulus on which the leaves of the foliation induced by F are circles that are homotopic to the puncture.
(4.1.2) On each connected component of S -),, the foliation induced by F is either a partial foliation which is topologically conjugate to the horocyclic foliation of an ideal triangle, or a foliation obtained from this one by collapsing each non-foliated region onto a tripod.
(4.1.
3) The foliation induced by F on each connected component of S-~ is equipped with an ivariant transverse measure that has the property that the measure of each segment contained in this component, transverse to the foliation and having one endpoint at a puncture is infinite.
(4.1.4) The transverse measure induced on each edge g of )~ from the side that is after that edge is equal to w(g) x the transverse measure induced from the side that is before that edge (the terms "before" and "after" refer to the transverse orientation of g). Equivalence relation. We shall say that two broken measured foliations relative to )~ are equivalent if they differ by a measure-preserving isotopy which preserves the set of edges of &. We denote by/3Ad(&) the set of equivalence classes of broken measured foliations relative to the transversely oriented weighted ideal triangulation A.
There is a natural action of the group ~+ on BAd(A) which is defined by multiplying the transverse measure of each broken measured foliation by a constant factor, and we denote the quotient space by PBAd(A).
Proposition 4.3. The map h : BH(A) ~ 13Ad()~) which assigns to each equivalence class of a broken hyperbolic structure the equivalence class of its horocyclic foliation is a bijeetion.
Proof. It is easy to produce an inverse for the map h. Let F be a broken measured foliation relative to A. By Properties 4.1.2 and 4.1.3, the foliation induced by F on each connected component of S -A is conjugate, by a measure-preserving homeomorphism, to the horocyclic foliation of a hyperbolic ideal triangle. Gluing the hyperbolic triangles associated to the various components of S -A via the maps with which these components are glued on the surface S, we obtain a broken hyperbolic structure on S, and the map from BAd (A) to BT-I(A) that is defined in this way is an inverse to the map h.
[]
TOPOLOGY
There are natural topologies on the spaces/37-/(A) and BAd(A), and they are defined in a similar manner. We start with BT-g(A). We first recall that each hyperbolic ideal triangle has a well-defined center of symmetry, and that each edge of such a triangle is equipped with a distinguished point, which is the orthogonal projection on that side of the center of the triangle.
Consider now a broken hyperbolic metric on S, and let g be edge of A. On each side ofg there is an ideal hyperbolic triangle, and we can consider, on each side of that triangle, the corresponding distinguished point. We shall define now the "shift parameter" induced on g by the broken hyperbolic metric, and it may be useful to note right away that these parameter on the edges of A have nothing to do with the fixed weights that we have considered until now on these edges. The shift parameter induced on g by the broken hyperbolic metric is the algebraic distance between the two distinguished points on that edge. This distance is positive or negative according to the rule given by Figure 3 . The sign does not depend on the transverse orientation of the side g, but only on the orientation of the surface. However, to measure the absolute value of the distance, we need to make a choice of one side of the edge, and we decide that distances are measured with respect to the metric which is before the side g, with respect to its transverse orientation. It is clear that the set of shift parameters determines completely the broken hyperbolic metric. We say now that two broken hyperbolic metrics (with respect to the given triangulation equipped with its transverse orientation and its weights) are close if the shift parameters induced on all the edges of ,~ are close. This clearly defines a topology for the space B~(),).
(a)
(b) Figure 3 . In case (a) the sign is positive and in case (b) the sign is negative
We consider now the space B3d()~).
Consider a broken measured foliation on S. In each connected component of S -~, there is a singular point, and starting at this singular point, there is a singular leaf (a "separatrix") for each side of the triangle which hits the side at a point which we also call the distinguished point on that side. Now from each side of ~ there is a foliated triangle,and a corresponding distinguished point. We define the "shift parameter" induced on g by the broken measured foliation as the algebraic measure on that side between the two distinguished points. This measure is positive or negative according to the rule given by Figure 4 . Again, we note that this sign does not depend on the transverse orientation of the side but only on the orientation of the surface, and that the measure that we use on that side is the one that is induced by the triangle that is before g with respect to the transverse orientation of that side. Distance is measured with respect to the metric which is before that side, with respect to its transverse orientation. It is clear that the set of shift parameters determines completely the broken measured foliation, and we say that two broken measured foliations (with respect to the given triangulation equipped with its transverse orientation and its weights) We need to recall the definition of an affine foliation and for that purpose we start with the definition of a measured foliation.
Definition 6.1. (Measured foliation). A foliation F on a surface is said to be a measured foliation if each arc s which is transverse to the leaves ofF is equipped with a Borel measure which is equivalent to the Lebesgue measure of an interval having the property that if J is another arc which is transverse to F and which is obtained from s by an isotopy during which each point stays on the same leaf then the resulting natural map between s and s ~ is measure-preserving.
We now return to our surface S and we denote by 7r : S ---+ S its universal covering. We recall the following definition from [2] , which is an adaptation of a definition in [1] to the case of surfaces with punctures.
Definition 6.2. (Affine foliation). We say that a foliation F on S is a foliation equipped with an affine transverse structure or, more concisely, an affine foliation if the following four properties are satisfied."
There is a neighborhood of each puncture of S which is topologically a cylinder on which F induces a foliation by closed leaves which are homotopic to the puncture.
(6.2.
2) The foliation F has no Reeb components.
3) The lift F of F to the universal cover 5: is equipped with an invariant transverse measure # such that for each covering translation c~, there exists a positive real number O(a) with the property that for every arc s in S which is transverse to F, we have #(a(s)) = ~(a)#(s).
(6.2.4) If C is an arc in S which is transverse to F and which has one of its endpoints at a puncture, then the #-transverse measure of the lift of C to S is infinite. If F denotes the group of covering translations of the cover S --+ S, then it is easy to see that the map aH~b(c~) from F to N+ is a homomorphism. It is called the holonomy homomorphism of the affine foliation. Using the canonical isomorphism F _~ 7I" 1(S), we can thus associate to each affine foliation on S a homomorphism 71" I (S) ~ ~;, which is also called the holonomy homomorphism.
Equivalence relation. We recall also that there is an equivalence relation on the set of affine foliations on S. Two affine foliations F and F r are equivalent if they differ by an isotopy whose lift to S preserves the transverse measure of the lifted foliations.
The set of equivalence classes of affine foliations is denoted by AF.
The group ~+ acts naturally on the set of affine foliations (by multiplying the transverse measure of the lifted foliation F by a constant factor), and this action descends to an action on the set ~45 ~ of equivalence classes. The quotient of AF by this action is called the space of projective affine foliations and is denoted by 7~AF. The subset of AS consisting in the equivalence classes of affine foliations with given holonomy homomorphism ~b is denoted by ~45v,, and its image in 7~4U is denoted by 7~AU¢.
There is a natural topology on AF, which was defined by Hatcher and Oertel in [1] by embedding this set into the space of functions (using the transverse measures of the foliations) on the set of closed curves in the universal Abelian cover of S. We gave other descriptions of this topology in [2] , which are adapted to the case of a punctured surfaces endowed with ideal triangulations. Example 6.3. An example of an affine foliation is obtained by starting with the horocyclic foliation associated to a broken hyperbolic structure, or equivalently (by Proposition 4.3), with a broken measured foliation F. Properties 6.2.1 and 6.2.4 are satisfied by 4.1.1 and 4.1.3 respectively. Property 6.2.2 follows from the fact that F is transverse to the triangulation A. Indeed, ifa Reeb component R existed, then each connected component of the intersection of R with A would be a segment transverse to the Reeb foliation and which intersects its boundary, which is a contradiction. Now we need to produce a tranverse measure for the lift F = 7r -1 (F) of the broken measured foliation F, and this is provided by the following construction.
Construction 6.4. (Transverse measure for ,~). Let A = ~-1 (/~) be the lift of A to S. We also lift the weights and the transverse orientation of A to )~. We choose a connected component of S -)~ and we call it $1. This component is equipped with a foliation F1 induced from F, which has a natural transverse measure (the lift of the transverse measure on its image in S). We can extend in a unique manner the transverse measure ofF1 to a transverse measure/z for the foliation F. This is done by first extending it to the connected components of S -,~ which have a common edge with S1, and then continuing the extension step by step. The tree-like structure of the set of triangles of A makes this construction well-defined. It is clear also that the transverse measure # on ~' is characterized by the following : For each connected component $2 of S -A which is distinct from $1, choose an oriented arc Sl,2 which is transverse to A, which starts at an interior point of $I and which ends at an interior point of $2. Letpl...p, be the sequence of intersection points of sl,2 with ),. For every i = 1,... n, let gi be the edge of A containing Pi and let wi be the weight (respectively the reciprocal of the weight) of gi if at pi the orientation of Sl,; agrees (respectively disagrees) with the transverse orientation of gi. The foliation F2 induced by P on $2 is also equipped with a natural transverse measure (the pull-back of the transverse measure on its image in S). Now, the #-transverse measure on F2 is obtained from this natural transverse measure by multiplying it by the factor ( I~i"_-i wi)-l. It is clear from this description that the foliation F, together with the transverse measure # on its lift/~, is an affine foliation whose holonomy • homomorphism ~ is the one defined by the weighted oriented ideal triangluation A. Note that the measure # depends only on the choice that we made of the component $1. In particular, this makes the affine foliation well-defined up to multiplication by a positive constant. Thus, we can associate to each broken measured foliation on S a well-defined element of the space 7~A5c+ of projective equivalence classes of affine foliations on S with holonomy homomorphism q~. Thus, for each choice of a connected component $1 of S -A, there is a welldefined map from BAd(A) to ~45c~. We denote this map byfsi. We have the following Proposition 6.5. The rnap fs~ : BA4(A) ~ ~4f ¢ is a bijection.
Proof. We must show that each element of AS~ can be represented by some broken measured foliation relative to A. By Proposition 4.1 of [2] , we can represent any element of ~4~ce by a foliation F which is transverse to A, which satisfies conditions 4.1.1 to 4.1.3 above and such that the lift F of F to S is equipped with a transverse measure # on which the group of covering translations acts affinely, that is, according to the rule described in 6.2.4. Reversing the construction described in 6.4 and using the choice that we made of the component $1, we obtain from # a transverse measure #i on the foliation induced by F on S -)~ which coincides with # in $1 and which is invariant by the group of covering translations. By taking the quotient of this action, we obtain the desired broken measured foliation. This defines the inverse of the mapfx~. [] The homeomorphism h : BT-t(A) ---+/3A4(A) which we defined in §4 preserves the ray structures of the spaces. Thus, we can define a topology on the union /37-/(A) U 7~B.M(A) in which we glue to each ray in BY(A) the endpoint of its image ray in /3Ad(A). (This is similar to the usual construction of a visual boundary of a space.) Now by using the mapf : P/3Ad(A) --+ 79A~¢, we obtain a natural topology on the union/3~(A) u 79ASr~. Using the homeomorphism h : BT-/(A) ~ BAd(A) (Proposition 5.1), the homeomorphism fst :/3Ad(A) A)r~ (proposition 7.1) and the computations done in [2] (Proposition 4.4), we can see that each of the spaces BJM(A) and BT-/(A) is homeomorphic to an open ball of dimension 6g -6 + 2c, where c is the number of punctures of the surface. This "visual boundary" construction makes the space B~(A) U 79BAd(A) homeomorphic to a closed ball of dimension 6g -6 + 2c. In the case where all the weights on A are equal to 1 (which implies that ~ is the trivial cohomology class), BT-/(A) is the Teichmiiller space of S, 79Af~ is Thurston's space of compactly supported measured foliations on S and the main result of [4] shows that this visual boundary construction gives Thurston's compactification of Teichmtiller space. To sum up, we state these facts as 
